
Light and Two Curves, One Century Apart 

n 1900 Max Planck derived from first principles
the spectrum of light in thermal equilibrium at

temperature T. Planck’s curve set the tone for 20th century
physics. For example, with his curve the laser was antici-
pated in 1916; and since the mid-1960’s the Planck distrib-
ution has revealed the temperature of the cosmic back-
ground radiation (CBR).  

One century later saw the assemblage of an amazing
body of data into a curve that may be remembered as “the
cosmic Rosetta Stone.”[1]  It opens the door to precision
cosmology.  This curve describes a harmonic series of
microKelvin temperature fluctuations in the CBR, fluctua-
tions correlated to galaxy formation.  In this issue of
Radiations that celebrates contemporary applications of
light, we review the elegant connection between these “two
curves of two centuries.”  The 1900 Planck curve, and its
2000 descendant that measures fluctuations about it, pro-
vide two windows into structure formation in the early uni-
verse, at the Kelvin and nanoKelvin temperature scales
respectively.

THE THERMODYNAMICS OF LIGHT
In 1900 Planck may have been inspired by concurrent

developments in physics and chemistry: the concept of
atoms was making its case, matter was quantized.[2] It
occured to Planck that if radiant energy of frequency w was
quantized as well, with w the fundamental mode in a dis-
crete harmonic series, then the troublesome high-frequency
overtones would be damped out by the Boltzmann factor

e⊗E/kT, yielding finite total energy. So Planck postulated
that a harmonic wave of frequency w would have one of the
quantized energy levels En, where 

En = n \w,   n = 0,1,2,3,...  (1)

When these states were inserted into the machinery of sta-
tistical mechanics, one turned the crank and derived the
energy density r of the modes having frequencies in the
interval [w1, w2] at temperature T:

r (w1, w2)  =
w2

[(kT)4/ p2(\c)3] * ds s3 /(es⊗1) (2)         
w1

where s º \w/kT.  When summed over all frequencies from
zero to infinity,  Eq.  (2) becomes Stefan’s law, 

r = sT4 (3)

with  s º p2k4/15(\c)3 = 5.67×10⊗8 WK4/m2. The Planck
distribution function, or energy density per frequency inter-
val, is 

[dr/dw]Planck = (\/p2c3)w3[exp(\w/kT)⊗1]⊗1 (4)

(see Fig. 1). Planck found that his distribution would fit the
empirical spectrum of light provided that \ assumed the
numerical value of 1.1×10⊗34 J-s.  Planck’s 1900 curve
formed a turning point. The flowering of 20th century
physics begins here, starting with the fundamental concepts
of quantum mechanics, to applications that range from
lasers to astrophysics. For example, the relation between
temperature and wavelength of the brightest color emitted
is described by T lpeak = 3×10⊗3 Km, a fact used to mea-

sure the surface temperatures of stars.     

COSMIC BACKGROUND RADIATION
Early students of big bang cosmology realized that if

something like the expanding primordial fireball really
happened, then a cosmic background radiation must exist.
Such radiation does exist: using a microwave horn antenna
that was built to track the Echo satellite, Arno Penzias and
Robert Wilson published in 1965 “A Measurement of
Excess Antenna Temperature at 4080 MHz,” reporting a
CBR temperature of 3.5K±1K.[4] The universe evidently
began about 15 billion years ago as a relativistic gas of mat-
ter and radiation in thermal equilibrium, and has been
expanding ever since according to Hubble’s law, 

dR(t)/dt = H(t)R(t), (5)

where t denotes the time since the big bang, as measured by
any co-moving observer, H is the Hubble parameter, whose
present value is Hnow = 70 ± 7 (km/s)/Mpc, and R denotes

the “cosmic scale factor” whose ratio at two times describes
the factor by which space has expanded.  As space stretch-
es, so does the wavelength of light; if upon emission the
wavelength at the source is lemit, an observer distant from
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the emission event later detects a wavelength that has been
stretched into a larger value lobs ≥ lemit.  This expansion is

discussed in terms of the “redshift parameter z,” defined
operationally from

1 + z º lobs/lemit . (6)

where also

Rnow/Rthen =  1 + z . (7)

Because the early universe cools according to R ~ 1/T,

Tnow = Tthen/(1 + z ) . (8)

At early times (t £ 104 yrs.) the time is approximately relat-
ed to the temperature by[5]

T2t » 2×1020 K2s . (9)

The neon coffee shop “Espresso” sign above the writer’s
head has redshift zero; but sources whose light was emitted
from the very early universe have z >> 1. 

The evolution of R(t) is given by Einstein’s field equa-
tions as applied to a homogeneous and isotropic universe.
In “natural units,” these equations say

(dR/dt)2 + k = (8pG/3)rR2 + LR2 (10)

and

d2R/dt2 =  - (4pG/3)(r + 3P)R (11)

where G denotes Newton’s gravitation constant, r the ener-
gy density, P the pressure, L the “cosmological constant,”
and k = 0 or ±1, depending on whether space is flat or
curved respectively. The equations of state relating energy
density to pressure can be summarized by

P/r = w , (12)

where w is a known model-dependent quantity; for
instance, in a gas of hot photons, w » 3.  

The evolution of the CBR splits asunder into times
“before” and times “after” an event called “decoupling” (or
“recombination”). In the “before” phase, the universe con-
sists of a nucleus-electron plasma in thermal equilibrium
with a photon gas. The nuclei and the electrons are strong-
ly coupled to the photons by Thompson scattering, whose
relentless photo-ionization prevents the formation of neu-
tral atoms. This turmoil continues until the temperature
drops low enough—about 3000K, at t » 300,000 yrs.—
when the number of photons with energies greater than the
electron binding energy in hydrogen, becomes less than the
number of electrons. This takes so much time because the
photons outnumber baryons two billion to one. At the
moment of decoupling, when atoms form, matter becomes
electrically neutral, and the universe abruptly becomes
transparent to the photons. The photons then stream freely
across the univese, continuing to cool as the universe
expands. Since the last-scatter surface at decoupling is now

redshifted to z » 1000, that leftover cosmic glow should
have a temperature today on the order of 3K.  

When it was first detected, the CBR temperature was
expected to be approximately uniform. The isotropy of the
Hubble expansion suggests that each part of the early uni-
verse would have been at about the same temperature as
every other, and thanks to “inflation” at about 10⊗35s, the
primordial gas would expand rapidly after thermal equilib-
rium was established. But the existence of non-homoge-
neous structures such as galaxy clusters also requires that
one should look with finer precision for small but signifi-
cant departures from a uniform temperature. Such precision
required serious background problems to be overcome. Of
them Steven Weinberg wrote in 1972, “These uncertainties
will probably be with us until far-infrared measurements
can be made with cryogenic equipment carried by artificial
satellites.”[6]

In 1990 a collaboration led by George Smoot analyzed
data from cryogenic equipment carried aboard the COBE
satellite. Other than the expected local galactic background
and the dipole shift due to our motion relative to the CBR,
the COBE group reported a cosmic radiation temperature of
2.728K ± 0.002K. This measurement showed one of the
finest agreements between theory and observation in the
history of physics (Fig. 1). The theoretical curve was the
1900 Planck curve.[7,8] The COBE instruments found a
uniform temperature across the sky to one part in 104. 

If the imprint of matter’s structure was going to be
observed in the radiation, more precision was needed. At
higher precision there had to be fluctuations in the cosmic
radiation temperature, by a straightforward logic: First, the
existence of galaxy clusters suggests the existence of pri-
mordial density fluctuations. Because of gravity, a local
density maxima would accrete even more matter, and local
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Fig. 1. Sketch of the CBR spectrum, fit to a temperature of
2.73±0.6K. 



density minima would grow less dense as their matter slides
into potential wells somewhere else. Second, the fluctua-
tions would be incredibly amplified when the universe
inflated in size by many orders of magnitude, some 10⊗35s
after the big bang, and grow into the large-scale structures
we see today. Third, such inhomogenities must show up in
the CBR, as follows.

Consider a region before decoupling that boasts larger-
than-average energy density, whose gravitational field
attracts even more matter (especially if the higher densities
are seeded by non-baryonic, electrically neutral “cold dark
matter,” not subject to photo-dissociation). The photons are
coupled electromagnetically to the nuclei and electrons;
therefore, as the charged matter accretes the photons are
squeezed—their density and pressure and temperature
increase—like a spring, the photons oppose the compres-
sion. Given adequate time, the compressed photon gas will
make the infalling matter rebound, thereby cooling the mix
in the resulting rarefication. Such oscillations—sound
waves—will continue until decoupling occurs. These sound
waves in the plasma-photon gas travel with velocity vs,

where from the wave equation for a fluid,

vs
2 = ¶r/¶P . (13)

In the early universe, w = 3 in Eq. (12), which yields, in
conventional units,

vs = c/Ö3 (14)

where c is the speed of light in vacuum. Here then lies a
testable inference—and a significant signal-to-noise chal-
lenge! Experience with waves in other settings suggests that
the noise can be resolved into a sum of discrete harmonics
if a fundamental wavelength exists.  

EXPANDING RAILWAY STATION
Let me trot out an analogy that I find helpful for visu-

alization. In some science museums you find a set of pipes,
each tuned to resonate at a specific frequency. When you
take these pipes to a noisy place such as Grand Central
Station, and put your ear up to one of them, say the one
tuned for 440Hz, you hear that tone coming through beau-
tifully because all the harmonics are present incoherently;
this pipe merely selects just one.  

Furthermore, if sound waves heat the air adiabatically,
and we have an infrared camera with sufficient sensitivity
and shutter speed, then at a given instant a snapshot of the
air would reveal waves of temperature fluctuations about
the mean value, T(x) = To + DT(x). The building itself pro-

vides a fundamental wavelength. With opposite walls sepa-
rated by the length L, the temperature fluctuations form a
harmonic series built on the fundamental wavelength l1 =

2L: 

F

DT(x) = ∑ An sin(nk1x) , (15)
n=1

where k1 = 2p/l1 denotes the fundamental wavenumber.

The power carried by the field is proportional to the wave
function squared, so to compute the average power ^Pà that
fills the station we would calculate

L

^Pà ~  * [DT(x)]2 dx (16)
0

The orthogonality of the sine functions turns Eq. (16) into

F

^Pà ~ ∑ | An| 2 (17)
n=1

A power spectrum might look something like Fig. 2. 

Imagine next that this noisy Grand Central Station ter-
minal is expanding such that the opposite walls move apart
with constant speed v. Let us further imagine the existence
of a sudden “decoupling time” tD, such that when t Ð tD,

the noise no longer changes the temperature field. The
length LD of the room at t = tD will “freeze in” a funda-

mental wavelength l1. This fundamental wavelength also

corresponds to the time tD = LD/v = ½ l1/v. For times t >

tD, pictures of the temperature fluctuations will show what

they looked like at the decoupling time, but stretched (red-
shifted) as the building expands and the temperature uni-
formly cools. 

CBR HARMONIC SERIES
In the early universe, what determines the fundamental

wavelength for the CBR temperature fluctuations? The
speed of compressional waves in the pre-decoupled medi-
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Fig. 2. Example of amplitude spectrum for acoustic waves in a con-
fined space. 



um is c/=3. Thus the decoupling time, tD ' 300,000yr,

sets the length scale: LD = vs tD ' 2×105 light years is the

distance between “the walls” at the time of decoupling.
Today, with that region now at redshift at z = 1000, it will
have expanded to a size of 2×108 light years. The photons
from that region have taken the age of the observable uni-
verse, about 1.4×1010 years, to reach us today.  Thus this
expanded region, originally of scale LD, will now appear to

us as subtending an angle on the sky of Dq ' 2×108

cyr/1.4×1010 cyr ' 0.014 rad ' 18. Therefore, the sound
waves that show up today as temperature fluctuations
should exhibit their fundamental mode as a signal at the
one-degree angular resolution scale. 

What should we expect to see at the 18 scale? The sites
where the temperature reaches a maximum will be those
where the infalling matter has just reached maximum pho-
ton compression at the moment of decoupling. Such sites
will have never experienced a rarefication; so this maxi-
mum in the temperature fluctuations should occur at the
center of a region of our fundamental distance scale LD.

Behold a prediction: the red-shifted CBR today should
show temperature fluctuation maxima at the 18 angular size.  

Furthermore, if a harmonic structure exists, the over-
tones should show up at ½8, 1/38, ¼8, .... Physically, the sig-
nal at ½8 corresponds to a relative temperature minimum
(and a second peak in the power spectrum, because the
power goes as the square of the signal),  because as a region
of size scale ½LD, upon decoupling the plasma would have

experienced one compression and bounced back to maxi-
mum rarefication.  Similarly, the third harmonic would cor-
respond to a region of size 1/3LD, in which there was one

squeeze followed by one rarefication and another squeeze
to a secondary maximum temperature. Hence the odd-num-
bered peaks will correspond to temperature maxima, and
the even-numbered peaks to temperature minima in the
fluctuations. Thus will order emerge out of chaos, in the
form of peaks in the power spectrum vs. angular resolution.   

Now we can quantitatively modify our Grand Central
Station analogy. We must replace the station x-axis with the
two-dimensional celestial sphere, on which we map the
temperature field in latitude and longitude. These
nanoKelvin fluctuations will be about the COBE value,

T(q,f) = 2.728K ± DT(q,f) . (18)

The basis functions for a spherical surface are not sines, but
the spherical harmonics Y<

m(q,f).  Instead of Eq. (19) we

have

F  <

DT(q,f) =  ∑ ∑ A<m Y<
m(q,f) . (19)

<=0   m=⊗<

The average power of the temperature fluctuations are cal-
culated by averaging over the sky, 

∀P¬ ~ * [DT(q,f)]2 dW (20)

The orthogonality of the spherical harmonics turns Eq. (20)
into

F  <

∀P¬ ~ ∑ ∑ |A<m|2 . (21)
<=0  m=⊗<

When one also averages over m, one obtains a power spec-
trum to be fit to data,

F  

∀P¬ ~   ∑ |A<|2 . (22)
<=0  

To relate the values of < to the angular resolution to
which they correspond, consider the angles Dq that are sub-
tended between the zeroes of, for instance, Y<

0(q,f). These

angular separations occur at, roughly, 1808/<. So the angu-
lar resolution to which the |A<|2 corresponds describes fluc-

tuations that subtend an angle on the sky of about 1808/<.
The centers of the peaks expected at 18, ½8, 1/38, ¼8, ...
should therefore appear in the multipole expansion near < =
200, 360, 540, 720,...   

Starting about 1992 and continuing to this present
moment, several groups of observers have impressively
measured DT(q,f) to microKelvin precision. The big break-
through was in 1992, when George Smoot’s group estab-
lished the existence of temperature fluctuations at the tens
of microKelvin level.[9] They recorded an rms temperature
fluctuation of 30mK down to an angular resolution of 78,
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Fig. 3: Sketch of temperature fluctuations in tens of microKelvins, as
a function of angular resolution Dq or multipole moment <, where
Dq = 1008/<.



which corresponds to multipoles from   < = 0 to about < =
15. 

More recently, observations made from the balloon
experiments of Maxima,[10] Boomerang,[11] and the
South Pole interferometer DASI[12], among others, have
confirmed the first and second peaks in the CBR tempera-
ture fluctuation spectrum, and shown evidence for the third
peak.  A sketch of these “echoes of the big bang” are shown
in Fig. 3.[13]

Centered near < = 200, or at a resolution of about 18,
the expected first peak shows a DT reaching about 70 mK,
and forms the dominant feature of the spectrum.

The placement, widths, and relative heights of these
peaks of the CBR harmonic series carry loads of informa-
tion about the composition, flatness, and age of the uni-
verse.[1] For example, in its first season of operation the
DASI collaboration recently reported a measurement of W,
the ratio of actual to critical energy density of the universe.
If W < 1 (> 1) then the universe will be open (closed); if W
= 1 precisely then the universe is “flat.”  The DASI inves-
tigators report:

The Degree Angular Scale Interferometer (DASI) has mea-
sured the power spectrum of the Cosmic Microwave
Background anisotropy over the range of spherical har-
monic multipoles 100 < < < 900.  We compare this data, in
combination with the COBE-DMR results, to a seven
dimensional grid of adiabatic CBM [cold dark matter]
models....We find that the total density of the Universe,   W
= 1.04 ± 0.06, in accordance with the predictions of infla-
tionary theory.  In addition we find that the physical densi-
ty of baryons [i.e., the contributions of baryons to W] to be
0.022 ± 0.04, and the [contribution to W] of cold dark mat-
ter to be 0.014 ± 0.04. The value of [the baryon’s contribu-
tion to W] is consistent with that derived from measure-
ments of the primordial abundance ratios of the light ele-
ments combined with big bang nucleosynthesis theory.
Using the result of the Hubble Space Telescope Key
Project...we find that W(total) = 1.00 ± 0.04, the matter
density W(matter) = 0.40 ± 0.15, and the vacuum energy
density [due in effect to a cosmological constant, which
would make the expansion accelerate with positive sign] to
be  WL = 0.60 ± 0.15 (all 68% confidence limits).[14]

That 60% of the energy density in the universe is evi-
dently some sort of “dark energy” making the expansion
accelerate has, perhaps, “loosed something brand new and
menacing into the world of physics.”  That it should come
through Planck’s curve seems in character with that impor-
tant part of physics, if not in character with Planck’s per-
sonal tastes.  One of his biographers writes:[15] 

In 1906 or 1908 Planck had come to see that his compro-
mise over cavity radiation had loosed something brand
new and menacing into the world of physics...In 1910 he

expressed himself in the manner of a protector of a men-
aced and even losing cause: “The introduction of the quan-
tum of action h into the theory should be done as conserv-
atively as possible...”   

One wonders what Planck would say today about the
cosmic background radiation and “dark energy.”
Occasionally introducing “something new and menacing
into physics” keeps physics as interesting as possible!  
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